The order submission and cancelation processes are two crucial aspects in the price formation of stocks traded in order-driven markets. We investigate the dynamics of order cancelation by studying the statistical properties of intercancelation durations defined as the waiting times between consecutive order cancelations of 22 liquid stocks traded on the Shenzhen Stock Exchange of China in year 2003. Three types of cancelations are considered including cancelation of any limit orders, of buy limit orders and of sell limit orders. We find that the distributions of the inter-cancelation durations of individual stocks can be well modeled by Weibulls for each type of cancelation and the distributions of rescaled durations of each type of cancelations exhibit a scaling behavior for different stocks. Complex intraday patterns are also unveiled in the inter-cancelation durations. The detrended fluctuation analysis (DFA) and the multifractal DFA show that the inter-cancelation durations possess long-term memory and multifractal nature, which are not influenced by the intraday patterns. No clear crossover phenomenon is observed in the detrended fluctuation functions with respect to the time scale. These findings indicate that the cancelation of limit orders is a non-Poisson process, which has potential worth in the construction of order-driven market models.
Introduction
Order submission and cancelation are two central processes in the price formation of stocks traded in order-driven markets. Understanding their statistical regularities are crucial in the study of stock market microstructure theory and the construction of order-driven models [1, 2, 3] . For limit orders, there are three attributes: order direction (or order sign indicating buy/sell), order price, and order size. The statistical properties of these quantities in the order submission process have been extensively studied including the long memory of order signs [1, 4] , the distribution of relative prices [1, 5, 6, 7, 8, 9, 10, 11, 12] , the long memory of relative prices known as the"diagonal effect" [3, 5, 13] , and the power-law distribution and long memory of order sizes and trading volumes [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32] . In contrast, the statistical regularities of the order cancelation process are less studied. When constructing the empirical behavioral model of order-driven stock markets, the conditional probability of order cancelation on three factors has been determined [1] . In this work, we attempt to understand the order cancelation dynamics by investigating the inter-cancelation durations that are the waiting time between consecutive cancelations.
There are numerous studies on the waiting time distributions of diverse financial quantities. Generally speaking, the waiting time is defined as the time interval between two successive financial events. When the financial events are defined, one is able to determine the series of waiting times. One importance topic is about the return intervals (or recurrence intervals). On the one hand, the recurrence intervals between financial volatilities exceeding a certain threshold q have been carefully studied, and numerous phenomena have been unveiled [33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44] . On the other hand, econophysicists have devoted to the study of recurrence intervals between large positive or negative price returns, which has important implications on risk estimation [45, 46, 47, 48, 49] .
Another important topic is about the intertrade durations, which are defined as the waiting times between consecutive transactions of an equity. The importance of this topic is due to the fact that intertrade durations contain information contents of trading activity and have crucial relevance to the microstructure theory [50, 51, 52] . In mainstream finance, the celebrated autoregressive conditional duration (ACD) model was proposed to model the intertrade durations with temporal correlation and other financial variables [53, 54] . Alternatively, in the econophysics community, the continuous-time random walk (CTRW) formalism has been adopted to deal with the intertrade durations and price dynamics [55, 56, 57, 58, 59] . Empirical investigations of the intertrade durations from different equity markets report that the probability distributions might be described by power laws [60, 61] , modified power laws [57, 59] , stretched exponentials (or Weibulls) [25, 62, 63, 64, 65, 66, 67] , stretched exponentials followed by power laws [68, 69] , implying that the transaction process is non-Poisson. However, statistical tests reject the hypothesis that the intertrade durations are distributed according to an exponential [70, 71] or a power law [66] . Hence, the Weibull seems to be the very form of intertrade duration distribution [62, 63, 64, 65, 66, 67] . In addition, a scaling behavior can be observed in the distributions of rescaled intertrade durations [64, 66, 67] , which is however less conclusive [25] .
The cancelation of limit orders has certain impact on the price formation. Especially, when the orders at the best bid or ask prices on the order book are canceled, the bid-ask spread widens and the mid-price changes. In some orderdriven models, the cancelation is assumed to follow a Poisson process [72] . Although this is a good approximation, we find in this work that the inter-cancelation durations are distributed according to a Weibull rather than an exponential and long-term correlated. These findings show that the cancelation of limit orders is a non-Poisson process, which is useful in constructing more realistic order-driven market models.
The rest of this paper is organized as follows. In Section 2, we briefly describe the data sets investigated and the basic statistics of limit order cancelations. Section 3 investigates the empirical distributions of the inter-cancelation duration. In section 4, the temporal correlations and the multifractal nature of the inter-cancelation durations are studied based on the (multifractal) detrended fluctuation analysis. Section 5 summarizes and concludes.
Data description
Shenzhen Stock Exchange (SZSE) is an order-driven market. There were three different periods on each trading day in the SZSE before July 1, 2006, namely, the opening call action (9:15 am to 9:25 am), the cooling period (9:25 am to 9:30 am), and the continuous double auction (9:30 am to 11:30 am and 13:00 pm to 15:00 pm). More information of interest about this market can be found in the literature [11, 73, 74] . This study is based on the ultrahigh-frequency data of 22 liquid stocks traded on the SZSE, which contain all order placements and cancelations in the whole year 2003. Since part of the data of stock 000002, 000027, 000063, 000088, 000089 are missing, the data from 39-th to 167-th trading days of these stocks are discarded. We only take into consideration the cancelations occurring in the continuous double auction, and the interval across the pausing period is excluded. Since the orders not executed during the continuous double auction period will be canceled automatically by the system, no inter-cancelation duration will be calculated overnight either.
Inter-cancelation duration is defined as the waiting time between two consecutive cancelations (in units of second). The resolution of time is 0.01 second. When the (i + 1)-th cancelation order arrives, the value τ i = t i+1 − t i is recorded as the i-th inter-cancelation duration, where t i is the time when the i-th cancelation occurs. The cancelations in the market can be classified into two types based on their order directions, namely the cancelations of buy orders (buyerinitialed cancelations) and the cancelations of sell orders (seller-initialed cancelations). By analogy with the definition of τ i , the duration τ 
(2) there are less simultaneous cancelations of distinct buy/sell limit orders than all limit orders
and (3) the mean duration of consecutive cancelations of buy orders or sell orders is greater than the mean duration of all cancelations
These relations hold for all stocks. 
Empirical probability distributions

Empirical distributions
In this section, we study the empirical probability distributions of the inter-cancelation durations for individual stocks. The three types of the empirical distributions of the inter-cancelation durations τ,τ b and τ s for the 22 individual stocks are plotted in Fig. 1(a-c) . A very important feature is that all these distributions are not exponential. In addition, it is not evident that these distributions have power-law tails by eye-balling. A horizontal comparison of the three plots reveals that the the three distributions P(τ), P(τ b ), and P(τ s ) are very similar. Similar to the situation of intertrade durations [64, 66, 67] , we conjecture that the inter-cancelation duration distributions for individual stocks are Weibulls,
Following Refs. [66, 67] , we also try to model the distributions using q-exponentials
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We have fitted each curve in Fig. 1 (a-c) using the above two equations based on the maximum likelihood estimation (MLE) and the nonlinear least-squares estimation (NLSE). The estimated parameters for the curves in Fig. 1 (a) are depicted in Table 2 . The r.m.s. of the fitting residuals χ WBL of the Weibull distribution is less than χ qE of the qexponential distribution for 18 stocks when we use the maximum likelihood estimation. When we use the nonlinear least-squares regression, only one stock has χ WBL > χ qE . We thus conclude that the inter-cancelation durations are better modeled by the Weibull distribution. For the waiting times between successive cancelations of buy orders and sell orders, we obtain very similar results and the Weibull outperforms the q-exponential as well. Table 2 illustrates that the estimated values of each parameter for different stocks are close to the mean, especially for β. In addition, the shapes of the empirical distributions shown in Fig. 1(a-c) are very similar to those of the intertrade durations [64, 66, 67] . To the best of our knowledge, a scaling behavior in the rescaled intertrade duration distributions was first reported by Ch. Ivanov et al. [64] with further evidence provided by Jiang et al. [67] . In order to check if the distributions of inter-cancelation durations also have a scaling behavior, we apply the following rescaling scheme to each stock
where σ is the standard deviation of the durations of a given stock. Figure 1(d-f) plots the rescaled probability σP(τ) as a function of the rescaled duration τ/σ for the three types of inter-cancelation durations. We find in each plot that all the 22 curves collapse onto a single curve, which implies a scaling form
where ρ is the scaling function. Figure 1 (g-i) illustrates the three empirical probability densities of the three types of rescaled intercancelation durations. Again, we use the Weibull and the q-exponential to model each distribution ρ(τ/σ) based on the maximum likelihood estimation and the nonlinear least-squares estimation. The fitted curves are also drawn in Fig. 1(g-i) , and the estimated parameters are listed in Table 3 . We find that χ WBL < χ qE for all the cases except for the inter-cancelation durations of sell limit orders g s based on the maximum likelihood estimation where χ WBL is slightly greater than χ qE . Therefore, the Weibull distribution is a better model for the three scaling functions. We also observe that the three β values are close to each other for either the maximum likelihood estimation or the nonlinear least-squares regression. It is interesting to note that the β values are also close to those for the intertrade durations [67] . We now focus on the curves in Fig. 1(g ) fitted using the Weibull distribution. It is found that the maximum likelihood estimation curve fits the bulk of the distribution very well in the range [10 −2 , 5], which accounts for 99.1% of the sample. However, it is unable to capture the large durations. In contrast, the nonlinear least-squares regression curve fits the tail quite well but deviates markedly the bulk of the distributions.
Conditional distributions of inter-cancelation durations
We now investigate the conditional distribution of rescaled inter-cancelation durations on the value of its preceding duration. All the rescaled durations for different stocks constitute an ensemble set Q. We sort the set Q in an increasing order and partition it into eight non-overlapping groups of the same size:
where Q i ∩ Q j = φ when i j, and g i < g j when g i ∈ Q i , g j ∈ Q j , i < j. We then estimate the empirical conditional probability distribution P(g|g 0 ∈ Q i ) P(g(t)|g(t − 1) ∈ Q i ), which is the probability density of the rescaled intercancelation durations g(t) whose preceding value g 0 = g(t − 1) belongs to Q i .
The eight empirical conditional PDFs are plotted in Fig. 2(a) . Assuming that i > j, we note that P(g|g 0 ∈ Q i ) < P(g|g 0 ∈ Q j ) for small g and P(g|g 0 ∈ Q i ) > P(g|g 0 ∈ Q j ) for small g. In other words, large durations tend to follow large durations and small durations are prone to follow small durations. Figure 2(b) shows the dependence of the conditional mean duration g|g 0 with respect to g 0 . It is shown that the conditional mean duration increases with g 0 , which is consistent with the outcome of Fig. 2(a) . This phenomenon indicates that there is short-term memory in the inter-cancelation durations.
We recall that the conditional distributions of the intertrade durations with respect to different preceding durations almost collapse onto a single curve and the conditional mean of intertrade durations does not changes with the preceding durations [67] . Therefore, although both the intertrade durations and the inter-cancelation durations exhibit scaling in the distributions and the scaling functions are both Weibulls with very close exponents, the difference in the behavior of conditional durations unveils that transactions and cancelations follow different dynamic processes.
Memory effects
Intraday pattern
Intraday patterns exist in many high-frequency financial variables in the empirical studies. It is necessary to investigate the intraday patterns in the inter-cancelation durations for each stock. To obtain the intraday patterns of inter-cancelation durations, we segment the continuous double auction of each trading day into 240 successive 1-min intervals. For a given stock, the inter-cancelation durations are then averaged within each trading minute to create a minute-by-minute series as follows,
where N i j represents the number of inter-cancelation durations in the j-th interval in the i-th trading day, τ k is the inter-cancelation duration of an order which is canceled in the j-th minuite, and τ i j is the average duration of the j-th interval in the i-th trading day. The mean inter-cancelation duration at a given minute of a trading day is calculated as follows,
where N d is the number of trading days. Figure 3 plots τ j as a function of the intraday time for four randomly chosen stocks (000001, 000027, 000581, 000709). Complex intraday patterns are observed, which share some analogues with those of intertrade durations [75] . Since the inter-cancelation duration shows an explicit intraday pattern, we define the socalled adjusted intercancelation durations by removing the intraday patterns from the original data,
We will analyze both the original data and the adjusted data in the following, which allows us to determine if the 7 intraday patterns have influence on the temporal correlations.
Long-range dependence
To detect the long-range dependence of the inter-cancelation durations, the detrended fluctuation analysis (DFA) is utilized, which is able to extract long-range power-law correlation in non-stationary time series [76, 77] . The DFA procedure consists of following steps. For a given inter-cancelation duration series {τ i |i = 1, 2, ..., N}, the cumulative summation series y i should be first calculated as follows,
Then we use N s disjoint intervals with the same size s to cover the series y. Since the length of the series N need not be a multiple of the size of the interval s, the whole series y i may not be completely covered by N s intervals. For compensating the remain part, we can use another N s intervals to cover the series from the other end of the series. In each interval, a polynomial is used to calculate the local trend functionỹ by least-squares regressions. In this section, linear functions are used in the fitting procedure. The local detrended fluctuation function r k (s) in the k-th interval is defined as the r.m.s. of the fitting residuals:
where I k is the k-th interval. Thus the overall detrended fluctuation is then estimated as follows 
where H stands for the DFA scaling exponent. Practically, we can plot F 2 (s) as a function of s on double logarithmic scales to measure H by a linear fit. Figure 4 shows the log-log plots of the overall fluctuations F 2 (s) as a function of the interval size s for the four randomly selected stocks. Excellent power-law dependence is observed for each curve with the scaling range spanning more than two orders of magnitude. No clear crossover is observed in the present case, which is however quite common for other financial quantities [78, 79, 80] . We also find that the two curves in each plot parallel to each other, which means that the intraday patterns have minor influence on the long-term power-law correlations.
In Table 4 , the DFA scaling exponents H for all the 22 stocks are listed. All the DFA scaling exponents are significantly greater than 0.5, indicating that the inter-cancelation durations have strong long memory. The DFA scaling exponents H of both the original data and the adjusted data do not differ much, which confirms that the intraday patterns have little influence on the long-range dependence of inter-cancelation durations. This finding provides further evidence that the cancelation process is a non-Poisson process. 
Multifractal nature
We now investigate the multifractal nature of inter-cancelation durations by using the multifractal detrended fluctuation analysis (MF-DFA) [81] . The first several steps of the MF-DFA procedure are essentially the same as the DFA procedure, and the multifractal detrended fluctuation is defined as the following form,
where the moment order q varies in real number except for q = 0 in which F 0 (s) is defined as 
where h(q) is the MF-DFA scaling exponent. Note that when q = 2, h(2) is nothing but the DFA scaling exponent H. The singularity strength α and its spectrum f (α) can be obtained based on the Legendre transform,
To investigate the multifractality of the inter-cancelation durations, the fluctuation functions F q (s) are calculated for each stock. Since the size of each time series is finite, the estimate of F q (s) will fluctuate remarkably for large values of |q|, especially when the scale s is large. We focus on q ∈ [−6, 6] to obtain reasonable statistics in the estimation of F q (s). We show the detrended fluctuation functions of the original data and the adjusted data for the four typical stocks. Again, nice power laws are observed for all the curves. For each given q, the MF-DFA scaling exponent h(q) can be estimated by the linear regression between ln[F q (s)] and ln s. The resultant h(q) functions are shown in Fig. 6(a) , which decrease with the increase of q. Figure 6 (b) illustrates the multifractal spectra for the four stocks. It is evident that the inter-cancelation durations possess multifractal nature, on which the intraday patterns have minor impacts.
The strength of the multifractal nature can be quantified by the width of the singularity spectrum
A large value of ∆α corresponds to stronger multifractality. The values of the singularity width ∆α for the 22 stocks are calculated and listed in Table 4 . These ∆α values are significantly different from zero as a hallmark of strong multifractality.
Conclusion
We have investigated the inter-cancelation durations calculated from the limit order book data of 22 liquid Chinese stocks traded on the SZSE in the whole year 2003. It is found that the probability densities decrease with the increasing of the inter-cancelation durations. showing a nice scaling pattern. This scaling behavior is also observed in the distributions of buyer-initiated intercancelation durations and seller-initiated inter-cancelation durations, which implies that there are common features in the cancelation behavior of market participants.
We then model the three ensemble densities of rescaled inter-cancelation durations for all cancelations, buyerinitialed cancelations and seller-initialed cancelations by using the Weibull and the Tsallis q-exponential. By using the maximum likelihood estimation and nonlinear least-squares estimation methods, it is found that all the three kinds of inter-cancelation durations can be well modeled by the Weibull function. We also study the conditional distribution of rescaled inter-cancelation durations which follows a certain set of rescaled inter-cancelation durations. It is found that large (resp. small) durations tend to follow large (resp.) durations. It means that the inter-cancelations exhibit short-term memory.
In addition, the intraday pattern, the long memory, and the multifractal nature of the durations are also investigated. An inverse U-shaped intraday pattern is revealed for each stock. The DFA and the MF-DFA methods are applied to both the original data and the adjusted data after removing the intraday patterns. We show that the intraday patterns have minor influence on these correlation properties. The results show that the durations possess both the long memory and the multifractal nature.
